Abstract. We study the behavior of the Kähler-Ricci flow on some Fano bundle which is a trivial bundle on one Zariski open set. We show that if the fiber is P m blown up at one point or some weighted projective space blown up at the orbifold point and the initial metric is in a suitable kähler class, then the fibers collapse in finite time and the metrics converge sub-sequentially in Gromov-Hausdorff sense to a metric on the base.
Introduction
The Ricci flow, introduced by Hamilton ([18] ), has become a powerful tool to study the topology and geometric structures of Riemannian manifolds. In general, the Ricci flow develops finite time singularities. Hamilton's program of Ricci flow with surgeries was carried out by Perelman [23, 24, 25] to prove Thurston's geometrization conjecture. The minimal model theory in birational geometry can be viewed as the complex analogue of Thurston's geometrization conjecture. Later in [4] Cao introduced the Kähler-Ricci flow and use it to prove the existence of Kähler-Einstein metrics on manifolds with negative or vanishing first Chern class ( [56, 1] ).
There are intensive study of the Kähler-Ricci flow in the past few years. In the general type case, has been studied by Tsuji [55] , Tian-Zhang [47] , Guo [16] , Guo-Song-Weinkove [17] , TianZhang [48] and references therein. In the Calabi-Yau fiber case, has been studied by Song-Tian [34] , Song-Weinkove [41] , Fong-Zhang [13] , Gill [15] , Tosatti-Weinkove-Yang [52] and references therein. In the Fano case, has been studied by Chen-Tian [5, 6] , Chen-Wang [7] , Phong-Sturm [26] , Phong-Song-Sturm-Weinkove [27, 28, 29] , Sesum-Tian [30] , Székelyhidi [43] , Tian-Zhang [49] , Tian-Zhang-Zhang-Zhang [46] , Tian-Zhu [50, 51] and references therein.
Moreover, Song-Tian have a nice observation which relate the Kähler-Ricci flow with birational geometry. In [34, 35, 36] they introduced the analytic minimal model program which is parallel to Mori's birational minimal model program. On one hand, Kähler-Ricci flow with surgery can be viewed as the complex analogue of Thurston's three dimensional geometrization conjecture. On the other hand, the surgery is canonical and correspond to the birational surgery in Mori's program such as divisorial contraction or flip, see [2, 19] . In this article, our Fano fiber contraction in metric sense can be viewed as the analogue of Mori fiber space in birational geometry.
In this article we study the behavior of the finite time singularity of the Kähler-Ricci flow. The behavior of the Kähler-Ricci flow with finite time singularity has been studied by Feldman-IlmanenKnopf [10] , Ilmanen-Knopf [21] , Song-Weinkove [38] , Song [31, 32] , Song-Székelyhidi-Weinkove [33] , Tian [44, 45] , Zhang [57, 58] , Fong [11, 12] , Collins-Tosatti [9] , La Nave-Tian [22] , Song-Yuan [42] , Tosatti-Zhang [54] and references therein.
Let (M, g 0 ) be a compact Kähler manifold of complex dimension n ≥ 2. We write ω 0 = √ −1(g 0 ) ij dz i ∧dz j for the Kähler form associated to g 0 . We consider the Kähler-Ricci flow ω = ω(t) 1 given by
where Ric(ω) = − √ −1∂∂ log detg, where g = g(t) is the metric associated to ω. It's well-known that, from Tian-Zhang [47] , a maximal smooth solution to (1.1) exists on [0, T ) where T > 0 is given by (1.2) T = sup{t > 0|[ω 0 ] − 2πtc 1 (X) > 0}.
Song-Székelyhidi-Weinkove [33] studied the behavior of the Kähler-Ricci flow on the projective bundles. One essential point of their proof is that the projective space admits a metric which has positive bisectional curvature. In this article, we want to generalize their result in the sense that we could have more types of Fano fibers other than projective spaces. For example the fiber could be P m blown-up at one point or M m,k which is the weighted projective space Y m,k (1 ≤ k < m) blown-up at the orbifold point (the definitions of M m,k and Y m,k see section 4). In this paper, we consider the Fano bundle which is trivial on one Zariski open set. More precisely, Definition 1.1 (Fano bundle). Let X, Y be compact Kähler manifolds with dimension n, m, respectively, F be a Fano manifold with dimension n − m and a surjective holomorphic map π : X → Y . We say X is a Fano bundle over Y with fiber F , if for any y ∈ Y , there exists a Zariski open set y ∈ U ⊂ Y and a biholomorphism Φ :
where Ω is a smooth volume form, χ = √ −1∂∂ log Ω ∈ −2πc 1 (X), and
By Lemma 2.1 below, we know there exists a bound function ϕ T on X satisfying lim t→T ϕ(t) = ϕ T . We define
Our first main result of this paper is that ω T is bounded.
Theorem 1.1. Assume (X, Y, π, F ) is a Fano bundle, ω 0 is the Kähler metric on X, ω Y is a Kähler metric on Y satisfying (1.3) for some T > 0, ω T is defined by (1.5). Then there exists a uniform constant C > 0 such that
We also study the Kähler-Ricci flow on the Fano bundles with the fiber F is P m blown up at one point or M m,k which is the weighted projective space Y m,k (the definition see Section 4) blown up at the orbifold point.
The other main result of this paper shows that diameter of manifold X with metric ω(t) is finite and there exists a sequence of metrics along the Kähler-Ricci flow converge subsequentially to a metric on Y in the Gromov-Hausdorff sense as t → T . It generalizes in some sense the result of Song-Székelyhidi-Weinkove (Theorem 1.1 in [33] ).
, ω Y be a Kähler metric on Y and ω 0 be a Kähler metric on X. Assume ω(t) is a solution of the Kähler-Ricci flow (1.1) for t ∈ [0, T ) with initial metric ω 0 and
There exists a sequence of times t i → T and a distance function d Y on Y (which is uniformly equivalent to the distance induced by ω Y , such that (X, ω(t i )) converges to (Y, d Y ) in the Gromov-Hausdorff sense.
The Theorem 1.2 is a combination of Theorem 3.1 and Theorem 4.1. When the dimension of X is 2, our method basically can cover most del Pezzo surface. It will be more interesting when the complex structure of the fiber is changing and when the fiber is general Fano variety in higher dimension.
In this paper, the notation 'tr' means that, if α = √ −1α ij dz i ∧ dz j is a real (1, 1)-form then we write
In this notation, we can write ∆f = tr ω ( √ −1∂∂f ). In section 2, we recall some well known estimates for the Kähler-Ricci flow, and using Song's argument in [32] to establish a estimate of the horizontal level set, as an application, we prove Theorem 1.1. In Section 3, we using the estimate of the horizontal level set established in section 2 and the argument in [33] to prove the case of fiber is P m blown up at one point in Theorem 1.2. In Section 4, we recall the definitions of M m,k and Y m,k , using He-Sun's theorem [20] that any weighted projective space admits a orbifold Kähler metric with positive bisectional curvature, Song-Weinkove's argument in [40] and the argument of the proof in the case of F is P m blown up at one point, we can prove the case of F = M m,k in the Theorem 1.2.
The Main Estimates
In this section, we recall some estimates for the Kähler-Ricci flow, establish a estimate for ω(t) on the horizontal level set and prove the Theorem 1.1.
We define reference (1, 1)−formsω t on X for t ∈ [0, T ] by
Thenω t is a Kähler form in the cohomology class [ω(t)] for t ∈ [0, T ). Let Ω be the unique smooth volume form on X with √ −1∂∂ log Ω = ∂ ∂tω t =: χ ∈ −2πc 1 (X) and X Ω = 1. We also can writê ω t asω t = ω 0 + tχ.
It's well-known that the Kähler-Ricci flow equation (1.1) is equivalent to the following complex Monge-Ampère equation
where ω(t) =ω t + √ −1∂∂ϕ. In this paper we use C to denote a uniform constant, independent of time but possibly depending on ω 0 , n, T , which may differ from line to line. Then the following estimates are well known, see the Lemma 2.1 and Lemma 2.2 in [39] . (1) There exists a uniform constant C > 0 such that ||ϕ|| L ∞ ≤ C; (2) There exists a uniform constant C > 0 such thatφ ≤ C; (3) As t → T , ϕ(t) converges pointwise on X to a bounded function ϕ T satisfying
(4) There exists a uniform constant c > 0 such that
Next motivated by the argument of Song, see subsection 3.1 in [32] , which Song estimated the evolving metrics of the Kähler-Ricci flow in a well-chosen set of directions in the tangent space of each point on X instead of all directions, we estimate the metric ω(t) on the horizontal level set of the Fano bundle X.
Let (X, Y, π, F ) be the Fano bundle (see Definition 1.1). Since for any x ∈ X, let y = π(x), there exists a Zariski open set (y ∈)U ⊂ Y , such that the diagram
commutes, where Pr 1 is the projection map onto the first factor. Let 
Proof. Since for any x ∈ π −1 (U ), π(x) = y ∈ U , and Φ is a biholomorphism from π −1 (U ) to U × F , there exist constants α > 0 and C > 0 such that π
On the other hand, for each time t ∈ (0, T ), ω(t) is equivalent to metric ω 0 . Hence if we let
we know u → 0 along X\π −1 (U ) and hence a positive maximum must occur in π −1 (U ) at each fixed time t ∈ (0, T ). We assume the maximum can be obtained at point x 0 ∈ X. Let y 0 = π(x 0 ) ∈ Y . We choose normal coordinate system (z i ) i=1,··· ,n for g(t) at x 0 and (w α ) α=1,··· ,m for g Y at y 0 . For any holomorphic vector
for any x in the local normal coordinate chart of x 0 . The map π is given locally as (
On the other hand,
where −c Y is a lower bound for the bisectional curvature of ω Y on Y . It is easy to get (see [34] )
Hence we have
Hence by the maximum principle, we have u ≤ C.
Now we prove the Theorem 1.1.
Proof of Theorem 1.1. Lower bound follows from (4) in Lemma 2.1. For any point y ∈ Y , each fiber π −1 (y) = F is a closed Kähler manifold, and since π
since ϕ T is bounded, ϕ T must be constant on the fiber π −1 (y). Hence there exists a bounded
Now for any x ∈ X, we may assume that |s|
Since Y is a compact manifold, there exist a finite open set {U
Hence we obtain that there exists a uniform constant C > 0 such that
Hence we finish the proof of the theorem.
F Is P m Blown Up At One Point
In this section, we consider the case of F is P m blown up at one point. One essential point of SongSzékelyhidi-Weinkove's proof [33] is that the projective space admits a metric which has positive holomorphic bisectional curvature. Although P m blown up at one point doesn't admit a metric with nonnegative holomorphic bisectional curvature, but we have such metric with nonnegative bisectional curvature on outside of the divisor. Then we need to estimate the locally holomorphic vector field near the divisor under the evolving metrics, by using a idea of Song-Weinkove [39] . We also need Lemma 2.2, estimate of the evolving metrics along the Kähler-Ricci flow which were restricted to a horizontal set. We prove the following Theorem 3.1. Let (X, Y, π, F ) be a Fano bundle with F is P m blown up at one point (m ≥ 2), ω Y be a Kähler metric on Y and ω 0 be a Kähler metric on X. Assume ω(t) is a solution of the Kähler-Ricci flow (1.1) for t ∈ [0, T ) with initial metric ω 0 and
(2) There exists a sequence of times t i → T and a distance function d Y on Y (which is uniformly equivalent to the distance induced by ω Y , such that (X, ω(t i )) converges to (Y, d Y ) in the Gromov-Hausdorff sense.
3.1. Key Estimates. Write π 1 : F → P m for the blow-down map, which is an isomorphism from F \E to P m \{p}, where p ∈ P m and E = π −1 1 (p), which is biholomorphic to P m−1 . For convenient, once and for all, a coordinate chart V centered at p, which we identify via coordinates
Denote by g e the Euclidean metric on D 1 . Since g e and g F S are uniformly equivalent on D 1 , it suffices to estimates for g e on D 1 . Write D r ⊂ D 1 for the ball of radius 0 < r < 1 with respect to g e . We recall the definition of the blow-up construction, following the exposition in [14] . We identify π 
and let h 3 be the Hermitian metric on [E] over F \E determined by |s 1 | 2 h2 = 1. Now define the Hermitian metric h 1 by h 1 = ρ 1 h 2 + ρ 2 h 3 , where ρ 1 , ρ 2 is a partition of unity for the cover (π
We have the following lemma (see [14] , p.187).
Lemma 3.1. For sufficiently small ǫ 0 > 0,
From now on we fix ǫ 0 > 0 as in the Lemma 3.1, with ω F defined in Lemma 3.1. In π
which we can identify with D 1/2 \{0}, the metric ω F has the form:
for r given by (3.4) . It is easy to see that, in D 1/2 \{0}, R(h 1 ) ≤ 0, and the following lemma holds (see [39] ).
Lemma 3.2. There exist positive constants C such
Since (X, Y, π, F ) is a Fano bundle, for any x ∈ X, let y = π(x), there exists a Zariski open set (y ∈)U ⊂ Y , such that the diagram 
, we also write
, where Pr 2 is the projection map onto the second factor. Then we have the following Lemma 3.3. There exist uniform constants C > 0 and α > 0 such that for ω = ω(t) a solution of the Kähler-Ricci flow,
Proof. Fix 0 < ǫ ≤ 1. By Lemma 3.2, we know
Kähler metric on U × F and Φ is a biholomorphism from π −1 (U ) to U × F , for any fixed time t, there exists a constant α > 0 such that
Hence if we set
h1 trωω). For each fixed time t ∈ (0, T ). We know the maximum of Q ǫ must be obtained at some point
From the argument in the proof of Lemma 2.2, there exists a uniform constant C > 0 such that
By a well-known computation (see [56, 1, 4] ):
Denoteĝ as the product metric Pr *
We compute with metricĝ, since the bisectional curvature of ω F S is positive, we have
Since Φ * Pr * 1 = π * , pulling back via the map Φ, we have
for some uniform constant. Hence we obtain that
Hence (3.14)
Then using the maximum principle and letting ǫ → 0, we obtain the lemma.
We assume that |s| h (y) = 1 and denote U 1/2 = {ỹ ∈ U ||s| vector field on the whole of F , and Pr * 2 (V ) to be a smooth T 1,0 vector field on U 1/2 × F , then pull back by Φ and then extend it to a vectorṼ on whole of X which vanish on X\π −1 (U 1/2 ). We then have the following lemma.
Lemma 3.4. For ω = ω(t) a solution of the Kähler-Ricci flow, we have the estimate
the unit length radial vector field with respect to g e , where
In the statement and proof of the lemma, we are identifying π 
) and which is equivalent to metric ω 0 . From the Lemma 3.1 we have, in
It follows that |Ṽ |
Where we use the Cauchy-Schwarz inequality to get the above inequality (the detail, see the proof of Lemma 2.6 in [39] ). Then using the maximum principle, we obtain that there exists a positive constant C such that
and extending in an arbitrary way to be a smooth Hermitian metric on F . For small ǫ > 0, we consider the quantity
− At where α is the constant in Lemma 3.3 and A is a constant to be determined. Sinceω F is uniformly equivalent to ω F S , we see that for fixed t, using Lemma 3.3 and (3.19),
and thus Q ǫ (x) tends to negative infinity. We now applying the maximum principle to Q ǫ . Since Q ǫ is uniformly bounded from above on
, we only need to rule out the case when Q ǫ attains its maximum at a point in Φ
As in the proof of Lemma 3.3, we have
By (3.12), pulling back by the biholomorphic map Φ, we have in
Take A = C ′ + 1. By (3.18), at (x 0 , t 0 ), we obtain
a contradiction. Thus Q ǫ is uniformly bounded from above. Letting ǫ tend to zero, since |s| Next we estimate on the lengths of spherical and radial paths in the punctured ball D 1/2 \{0}, which again we identify with its preimage in each fiber under π 1 .
Lemma 3.5. We have
(1) For any y ∈ Y and for 0 < r < 1/2, the diameter of the 2m − 1 sphere S r of radius r in D 1 centered at the origin with the metric induced from ω| π −1 (y) is uniformly bounded from above, independent of r and y. (2) For any z ∈ D 1/2 \{0}, the length of a radial path γ(λ) = λz for λ ∈ (0, 1] with respect to ω| π −1 (y) is uniformly bounded from above by a uniform constant multiple of |z| 1/2 .
Hence the diameter of D 1/2 \{0} with respect to ω| π −1 (y) is uniformly bounded from above and
Proof. For any y ∈ Y , we can choose |s| 2 h (y) = 1. Then using Lemma 3.3, consider the metric ω| π −1 (y) , we have
Then using the same argument in the proof of Lemma 2.7 in [39] , we obtain the lemma. Now we can prove the (1) of Theorem 3.1.
Proof of (1) in Theorem 3.1. For any p, q ∈ X. Denote p 1 = π(p), q 1 = π(q). Then there exist two open subset U 1 , U 2 ⊂ Y , such that p 1 ∈ U 1 , p 2 ∈ U 2 and there exist holomorphic maps
Sincep,q ∈ π −1 (p 1 ), then by Lemma 3.5, we have d ω(t) (p,q) ≤ C. Using the triangle inequality we finish the proof of (1) in Theorem 1.2.
3.2.
Diameter of fiber tends to zero. In this subsection, we prove that the diameter of fiber with ω(t) tends to zero as t → T . Let d ω = d ω(t) be the distance function on X associated to the evolving Kähler metric ω. Using the same argument in the proof of Lemma 3.2 and Lemma 3.3 in [39] , we prove the following lemmas. Lemma 3.6. Fix a point y 0 ∈ Y . There exists a uniform constant C (independent of y 0 ) such that for any p, q ∈ E, and any t ∈ [0, T ),
Proof. We can assume that |s| 2 h (y 0 ) = 1. We replace E by Φ −1 ({y 0 } × E) in the proof of Lemma 3.2 in [39] , using Lemma 3.3 and using Lemma 3.5. See the argument of the proof of Lemma 3.2 in [39] .
Combine Lemma 3.5 and Lemma 3.6, we have Lemma 3.7. Fix a point y 0 ∈ Y . There exists a uniform constant C (independent of y 0 ) such that for any 0 < δ 0 < 1/2 and for anyt ∈ [0, T )
Proof. We also assume that |s|
Since Lemma 3.6, we only consider p ∈ π −1 1 (D δ0 \{0})) and q ∈ E. By Lemma 3.5 (2), we know the length of a radial path γ(λ) = λp with respect to ω is uniformly bounded from above by C|p|
Lemma 3.8. Fix a point y 0 ∈ Y . There exists a uniform constant C (independent of y 0 ) such that for any p, q ∈ π −1 (y 0 ), and any t ∈ [0, T ),
Proof. We also assume that |s| 2 h (y 0 ) = 1. For each fixed t satisfying T −t < 2 −15 , i.e., 2(T −t) 2/15 < 1/2. Take δ 0 = (T − t) 2/15 , by Lemma 3.7, we have
Hence we only consider the case of p ′ , q ′ ∈ F \π −1 1 (D δ0 ). Since π −1 (y 0 ) is biholomorphic to F , which is P m blown up at one point, there exists a curve
. We may assume that p, q lie in a fixed coordinate chart U whose image under the holomorphic coordinate z = x + √ −1y is a ball of radius 2 in C = R 2 with respect to the Euclidean metric ω e . In this coordinate, by Lemma 3.3, we know
Write σ = (T − t) 1/3 > 0, which we may assume is sufficiently small. Moreover, we may assume that p is represented by the origin in C = R 2 , that q is represented by the point (x 0 , 0) with 0 < x 0 < 1, and that the rectangle
is contained in the image of U . Now in R, the fixed metricĝ 0 induced from the metric g 0 on X is uniformly equivalent to the Euclidean metric. Thus from (3.31),
Hence there exists y ′ ∈ (−σ, σ) such that
Now let p ′′ and q ′′ be the points represented by coordinates (0, y ′ ) and (x 0 , y ′ ). Then, considering the horizontal path s → (s, y ′ ) between p ′′ and q ′′ , we have
Using the same argument we can prove
Hence by triangle inequality
3.3. Gromov-Hausdorff Convergence. In this subsection, we prove that there exists a sequence of metrics along the Kähler-Ricci flow converges sub-sequentially to a metric on Y in the GromovHausdorff sense as t → T .
Lemma 3.9. Write d t : X × X → R for the distance function induced by the metric ω(t). There exists a sequence of times t i → T , such that the functions d ti converge uniformly to a function
∞ defines a distance function on Y , which is uniformly equivalent to that induced by ω Y .
Proof. First note that the functions d t : X × X → R are uniformly bounded. Indeed by (1) in Theorem 1.2, we have a constant C > 0 such that d t (x, y) < C for any t < T and x, y ∈ X. Next, we prove that the functions d t : X × X → R are equicontinuous with respect to the metric on X × X induced by d 0 .
For any x, x ′ , y, y ′ ∈ X, we have
Define 
Claim 3.1.1. There exists a uniform constant δ > 0 such that if
Proof of Claim. Denote
2 be the partition of unity for the cover (X\π
are the Hermitian metrics on X, which are equivalent to metric ω 0 , and
Hence there exists a uniform constant C > 0 such that (3.39)
We take δ = C −2 min{δ 1 , · · · , δ N }. Now we can prove
It is a contradiction. Hence
We finish the proof of the claim.
by the above claim we have x, x ′ ∈ U i0 2/3 for some i 0 ∈ {1, · · · , N }. Now we choose q 0 ∈ F such that |s| 2 h (q 0 ) = 1. Then by the Lemma 3.3, we have (3.42)
By Lemma 3.8
Now we prove the following lemma. Proof of Lemma 3.10. We denote M = X × X, is a compact manifold. The first thing to recall is that any compact metric space has a countable dense subset. This follows directly from the definition of compactness. Namely, given any k ∈ N, cover M by all the balls of radius 1 k (centred at all the points of M .) By compactness of M this has a finite subcover, let Q k ⊂ M be the set of centers of such a finite subcover. Then every point of M is in one of the balls, so it is distant at most 1 k from (at least) one of the points in Q k . The union, Q = ∪ k Q k , of these finite sets is (at most) countable and is clearly dense in M , i.e., any point in M is the limit of a sequence in Q.
Let {d tn } be a sequence of d t (t n → T as n → ∞). Take a point q 1 ∈ Q, then {d tn (q 1 )} is a bounded sequence in R. So, by Heine-Borel Theorem, we may extract a subsequence of d tn so that {d tn 1,j (q 1 )} converges in R. Since Q is countable we can construct successive subsequences, d tn k,j of the preceding subsequence d tn k−1,j , so that the kth subsequence converges at the first kth point {q 1 , · · · , q k } of Q. Now, the diagonal sequence d tn i = d tn i,i is a subsequence of d tn . So along this subsequence d tn i (q) converges for each point in Q. It is a subsequence of the original sequence {d tn }, we just denote it as {d tn } and we want to show that it converges uniformly; it suffices to show that it is uniformly Cauchy.
For any given ǫ > 0. By the assumption of (3.43), we can choose T ǫ ∈ [0, T ) such that for any t ∈ [T ǫ , T ) we have C(T − t) 1/15 ≤ ǫ/6 and choose δ = ǫ/6C > 0 so that |d tn (x) − d tn (y)| < ǫ/3 whenever d 0 (x, y) < δ and t n ∈ [T ǫ , T ). Next choose k > 1/δ. Since there are only finitely many points in Q k we may choose N so large that for any n > N we have 
Now we want to prove the upper bound. When π(x), π(y) ∈ U i0 1/3 for some i 0 ∈ {1, · · · , N }, by the inequality (3.43) and Lemma 3.5, we have
This implies that
Now we consider the general case. Assume π(x) ∈ U 
that y i and y i+1 are in the same U j0 1/3 for some j 0 ∈ {1, 2, · · · , N }. We choose x 0 = x, x L+1 = y and any
. This is independent of the choice of liftsp andq since if sayp ′ is a different lift of p, then by (3.48) and by the triangle inequality, we have
and by switchingp andp ′ we get the reverse inequality. Moreover, it follows from (3.47) and (3.48) that d Y,∞ is uniformly equivalent to d Y . Hence we finish the proof of Lemma 3.9. Proof. Using the same argument in the proof of Theorem 3.1 in [33] . Hence finish the proof of (2) in Theorem 3.1.
F Is Some Weighted Projective Space Blown Up At The Orbifold Point
In this section, we will consider the case of the fiber F is the family of m-folds M m,k (1 ≤ k < m), was introduced by Calabi [3] , which as generalization of the Hirzebruch surfaces. M n,k is a compactification of the blow up of a Z k -orbifold point of the orbifold Y m,k , is a P 1 -bundle over P m−1 . The detail of the construction of M m,k and Y m,k , please see [40] . First, we recall the definitions of M m,k and Y m,k . We define M m,k to be the P 1 -bundle
over P n−1 . We will assume in this paper that m ≥ 2 and 1 ≤ k < m (the latter implies that M m,k is a Fano manifold). Denote by E 0 and E ∞ the divisors in M m,k corresponding to sections of O(−k) ⊕ O with zero O(−k) and O component, respectively (the detail see Section 9 in [40] ). E 0 is an exceptional divisor with normal bundle O(−k) of the type discussed above. The complex manifold M m,k can be described as
if there exists a ∈ C * such that (σ, µ) = (aσ ′ , aµ ′ ). Then E 0 and E ∞ are the divisors {σ = 0} and {µ = 0}, respectively. The orbifold Y m,k is the weighted projective space
We write elements of
where b ∈ C is defined by 
All of the manifolds M m,k admit Kähler metrics. Indeed, the cohomology classes of the line bundles [E 0 ] and [E ∞ ] span H 1,1 (M m,k ; R) and every Kähler class α can be written uniquely as
for constants a, b with 0 < a < b. The first chern class 
and let P : L → P m−1 be the projection onto the first factor. Each fiber
is the line in C. L can be given m complex coordinate charts
On U i , we have coordinates ω j (i) for j = 1, · · · , m with j = i and y (i) . The ω
On U i ∩ U l with i = l, we have
and on L.
Let ω e be the standard orbifold metric on C m /Z k , which lifts to the Euclidean metric on C m , we write ω e as (4.13)
Denote ω F be the metric ω X in Lemma 2.3 in [40] , it is a Kähler metric on M m,k . We will work in a local uniformizing chart around the orbifold point p ∈ Y n,k , which we identify with the unit ball D 1 in C m . Then we know that ω orb is uniformly equivalent to the Euclidean metric ω e on D 1 . We write D R for the ball in C m of radius R > 0. Then from the section 2 in [40] , on π Proof. We using (4.14) and using the same argument in the proof of of Lemma 3.4, we can obtain the Lemma.
Using the same argument in the proof of Lemma 3.5, we can estimate on the lengths of spherical and radial paths in the punctured ball D R0 \{0}.
Lemma 4.3. We have
(1) For any y ∈ Y and for 0 < r < R 0 , the diameter of the 2m − 1 sphere S r of radius r in D R0 centered at the origin with the metric induced from ω| π −1 (y) is uniformly bounded from above, independent of r and y. (2) For any z ∈ D R0 \{0}, the length of a radial path γ(λ) = λz for λ ∈ (0, 1] with respect to ω| π −1 (y) is uniformly bounded from above by a uniform constant multiple of |z| k/(k+1) .
Hence the diameter of D R0 \{0} with respect to ω| π −1 (y) is uniformly bounded from above and diam(π −1 (y), ω| π −1 (y) ) ≤ C.
Then using the same argument in Section 3, we can prove the diameter of the fiber along the metrics g(t) tend to zero, then we obtain 
